Fermions on the brane in 6D with nonsingular exponential scale factors by Midodashvili, P.
ar
X
iv
:h
ep
-th
/0
40
41
17
v3
  2
0 
N
ov
 2
00
4
Fermions on the brane in 6D with nonsingular exponential scale factors
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Tskhinvali State University, 2 Besiki Str., Gori 383500, GEORGIA
(Dated: December 7, 2018)
We introduce new realistic brane-solutions with exponential scale factors in the 6D-space-time.
We show that for these solutions the zero modes of all bulk fields are sharply localized at different
positions on the brane and have ”Gaussian shape” wave-functions in the extra space. We also
explicitly show that in the model there are cases when exactly three fermion generations naturally
arise only through gravity. Because of localized fermion modes are also stuck at different positions
in the extra space, there is possibility to provide a framework for natural explaining the fermion
mass hierarchy in terms of higher dimensional geography.
PACS numbers: 11.10.Kk, 04.50.+h, 11.25.Mj
I. INTRODUCTION
The idea of extra dimensions [1, 2, 3, 4, 5, 6] is one of the most attractive ideas concerning unification of gauge
fields with general relativity and new solutions to old problems (smallness of cosmological constant, the origin of the
hierarchy problem, the nature of flavor, etc.). In theories with extra dimensions our world is associated with a brane,
embedded in a higher-dimensional space-time with non-compact extra dimensions and non-factorizable geometry.
The key ingredient for realizing the brane world idea is localization of various bulk fields on a brane by a natural
mechanism. The gravity is known to be the unique interaction having universal coupling with all matter fields, so it is
important to find a purely gravitational trapping mechanism. The brane solutions and matter localization mechanisms
has been widely investigated in scientific literature [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].
Recently the gravitational trapping of the zero modes of all bulk fields was realized for the brane solutions with
non-exponential warp factors in 6-dimensional bulk space-time [25, 26, 27]. In our previous article [28] in the case of
the non-exponential scale factors we also have suggested new purely gravitational mechanism explaining the origin of
three generations of the Standard Model fermions and explicitly show that localized fermions are stuck at different
points on the brane in the extra space. In these models, with non-exponential scale factors, the zero-mode solutions
of the bulk fields are normalizable and integrals of there Lagrangians over the extra coordinates are finite, but their
wave functions spread rather widely in the bulk owing to the lack of the non-exponential warp factor. Thus, in order
not to contradict the strict experiments such as the charge conservation law, some parameters in this models must
be chosen in a proper way. In some cases it is hard to say whether there is such a suitable choice of the parameters.
From this point of view it is interesting to consider the models with exponential warp factors when the wave functions
of localized fields are sharply peaked on the brane in the extra space. At present it is known (see for example [12, 17])
that in 5D and 6D models with exponential warp factors it is possible to localize all spin fields if one introduces
non-gravitational interactions. So it is of great interest to realize a purely gravitational localization mechanism in the
models with exponential scale factors.
In this article in the case of (1 + 5)-space-time we introduce new brane-solutions with exponential scale factors
sharply localizing the zero modes of all local fields (spin 0 scalar field, spin 1/2 spinor field, spin 1 gauge field, spin
3/2 gravitino field, spin 2 gravitational field and totally antisymmetric tensor fields) on the brane in the extra space,
and for the realistic physical situation of matter distribution in the 6D-space-time we realize the purely gravitational
trapping mechanism explaining the origin of three generations of the Standard Model fermions from one generation
in a higher-dimensional theory and explicitly show that fermions are sharply stuck at different points on the brane in
the extra space.
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2II. MAIN NOTATIONS AND EQUATIONS
The action and Einstein’s equations which we consider in this article have the form:
S =
∫
d6x
√−g
[
M4
2
(R + 2Λ) + L
]
, RAB − 1
2
gABR =
1
M4
(ΛgAB + TAB) , (1)
where M , R, Λ, L, RAB and TAB are respectively the fundamental scale, the scalar curvature, the cosmological
constant, the Lagrangian of matter fields, the Ricci and the energy-momentum tensors. In the bulk space-time we use
the following metric ansatz [24, 25, 26, 27, 28] : ds2 = φ2 (r) gαβdx
αdxβ−g (r) (dr2 + r2dθ2). The source of the brane
is described by a stress-energy tensor TAB, its nonzero components we choose in the form Tαβ = −gαβF0 (r) , Tij =
−gijF (r), where F0 and F are source functions, which depend only on the radial coordinate r in the extra space. In
this case the Einstein’s equations take the following form
3φ′′
φ
+
3φ′2
φ2
+
3φ′
rφ
+
g′′
2g
− g
′2
2g2
+
g′
2rg
=
g (F0 − Λ)
M4
+
gΛphys
φ2M2P
, (2)
6φ′2
φ2
+
2φ′g′
φg
+
4φ′
rφ
=
g (F − Λ)
M4
+
2gΛphys
φ2M2P
,
4φ′′
φ
+
6φ′2
φ2
− 2φ
′g′
φg
=
g (F − Λ)
M4
+
2gΛphys
φ2M2P
, (3)
where the prime denotes differentiation d/dr. The constant Λphys represents the physical four-dimensional cosmolog-
ical constant, where R
(4)
αβ − 12gαβR(4) =
Λphys
M2
P
gαβ. In this equation R
(4)
αβ , R
(4) and MP are four-dimensional physical
quantities: Ricci tensor, scalar curvature and Planck scale.
III. NONSINGULAR BRANE SOLUTION WITH EXPONENTIAL SCALE FACTORS
In the case Λphys = 0 from the equations (2)-(3) we can find [22, 23, 28] : F
′ + 4φ
′
φ
(F − F0) = 0 ; g =
δφ′
r
; rφ
′′
φ
+ 3rφ
′2
φ2
+ φ
′
φ
= rg2M4 (F − Λ), where δ denotes the integration constant with the units of squared length.
The possible two solutions to this equations are (in what follows we call these solutions ”internal solutions” and
introduce subscript ”int”):
1. The first solution with scale factor φint monotonically decreasing from the value equal to 1 at the origin z = 0
in the extra space and asymptotically approaching the the nonzero positive value equal to 1 − d at the radial
infinity z = +∞
φint (z) = 1− d
[
1− e−zp
]
, gint (z) = δdpε
−2zp−2e−z
p
, 0 < d < 1, p ≥ 2, δ > 0, (4)
2. The second solution with scale factor φint monotonically increasing from the value equal to 1 at the origin z = 0
in the extra space and asymptotically approaching the positive value equal to 1+d at the radial infinity z = +∞
φint (z) = 1 + d
[
1− e−zp
]
, gint (r) = δdpε
−2zp−2e−z
p
, d > 0, p ≥ 2, δ > 0. (5)
In (4)-(5) we have introduced the dimensionless radial coordinate z = r/ε, where ε is some positive constant with the
units of length. In both cases the scale factor φint has an inflection point rinfl.φ = ε
(
p−1
p
) 1
p
(this value characterizes
the order of the ”effective width” ∆Brane of the ”thick brane” in the extra space). These solutions have equal scale
functions gint.. In the case p = 2 this function monotonically decreases from value equal to
2δd
ε2
at the origin z = 0 to
the value equal to zero at the infinity z = +∞ in the extra space and its derivative g′int is equal to zero at the origin
and at the infinity in the extra space. In the case p > 2 this function is equal to zero at the origin r = 0 in the extra
space and monotonically increases in the range 0 < r < rmax .g, approaches the maximum value at the rmax .g and
then monotonically decreases in the range rmax .g < r < +∞ and approaches the asymptotic value equal to zero at the
radial infinity, where rmax .g = ε
(
p−2
p
) 1
p
. It must be mentioned that the scale factor gint(r) defines the topology of
the brane. These solutions exist for any Λ and corresponding source functions F0 and F can be easily calculated from
3corresponding Einstein’s equations using (4) and (5): F = Λ − 2pM4
δ
φ−2
[
(4φ− 3c) ln
(
φ−c
1−c
)
+ φ
]
, F0 = F +
φ
4
dF
dφ
,
where c = 1− d.
Similarly, as it was done in our article [28] for the case of non-exponential scale factors, it is easy to explicitly show
that these solutions localize the zero modes of the following bulk local fields: spin 0 scalar field, spin 1 gauge field,
spin 3/2 gravitino field, spin 2 gravitational field and totally antisymmetric tensor fields. The zero modes of these
fields will be localized at different positions on the brane in the extra space, but as against a former case [28], in this
case we shall have sharp localization of the modes with ”Gaussian shapes” of wave-functions in the extra space due to
exponential type of scale factors. Here we want to consider in more details the localization of the bulk spin-1/2 fermion
in the background solution (4) (for the solution (5) the results are the same). Of course, in due analysis, in what
follows we will neglect the back-reaction on the geometry induced by the existence of the bulk fields, and, without
loss of generality, we will take a flat metric on the brane. Fermion action and corresponding equation of motion are
S 1
2
=
∫
d6x
√
−6gΨiΓMDMΨ ; ΓMDMΨ = 0 . (6)
Introducing the vielbein hA˜A through the usual definition gAB = h
A˜
Ah
B˜
BηA˜B˜ where A˜, B˜, ... denote the local Lorentz
indices, it is easy to find the non-vanishing components of the spin-connection for the background (4): ωz˜α˜α =
φ′
ε
√
g
, ωz˜θ˜θ =
∂z(z
√
g)√
g
. Therefore the covariant derivatives have form DαΨ =
(
∂α +
1
2ω
z˜α˜
α γzγα
)
, DzΨ = ∂zΨ, DθΨ =(
∂θ +
1
2ω
z˜θ˜
θ γzγθ
)
. The 6-dimensional spinor Ψ
(
xM
)
can be decomposed on a 4-component spinor ψ (xµ) and 2-
component spinor ξ (z, θ) : Ψ
(
xM
)
= ψ (xµ) ⊗ ξ (z, θ). We require that the 4-dimensional spinor satisfies the
equation γµ∂µψ
(
xβ
)
= mψ
(
xβ
)
. The 2-component spinor can can be expanded over the states with fixed rotation
momentum l in the θ direction: ξ (z, θ) =
∑
ξl (z) e
ilθ, where ξl (z) = (υl, ζl) is 2-component spinor, υl and ζl are
functions of variable z. Taking gamma matrices γz and γθ in the form γz =
(
0 1
1 0
)
, γθ =
(
0 −i
i 0
)
, as a result
we obtain the following equations for υl and ζl
mε
φ
υl +
1√
gint
∂z + 2φ′intφint + 12 ∂z
(
zg
1
2
int
)
zg
1
2
int
+ l
z
 ζl = 0 ,
mε
φ
ζl +
1√
gint
∂z + 2φ′intφint + 12 ∂z
(
zg
1
2
int
)
zg
1
2
int
− l
z
 υl = 0 .
(7)
In the zero-mass mode case m = 0 (the case m 6= 0 we will consider later on) the solution to these equa-
tions reads υl (z) = alφ
−2
intg
− 1
4
int z
− 1
2
+l , ζl (z) = blφ
−2
intg
− 1
4
int z
− 1
2
−l , ξl (z) = φ
−2
intg
− 1
4
int z
− 1
2
(
alz
l
blz
−l
)
, with al and
bl being the integration constants. Using explicit form (4) of the scale functions φint and gint , the normaliza-
tion requirement becomes 1 = 2pi
(
δdpε2
) 1
2
+∞∫
0
[
a2l z
2l + b2l z
−2l] z 12p−1e− 12 zpdz, and it is easy to see that the extra
part of the 6D-wavefunction is normalizable (i.e., the integral over z converges) only in the following cases: I)
al 6= 0 , bl = 0 , l > −p/4 ; II) al = 0 , bl 6= 0 , l < p/4 ; III) al 6= 0 , bl 6= 0 , − p/4 < l < p/4.
Finally for the effective wave function of the zero-mass mode of 6-dimensional fermion in flat space we have
Ψ = ψ (xµ) ⊗ (δdpε2) 14 z 14p− 12 e− 14 zp [ ∑
− p
4
<l< p
4
(
alz
leilθ
blz
−leilθ
)
+
∑
l≥ p
4
(
alz
leilθ
b−lzle−ilθ
)]
. In this case because of exponen-
tial decreasing warp factors normalizability of wave function means sharp localization of corresponding mode on
the brane. These components of zero-mass mode of 6-dimensional bulk fermion are localized at different points
rmax.,l = ε
(
p+4l−2
p
) 1
p
in the extra space. Each component can be regarded as 4-dimensional massless fermion. So in
this case there are infinite number of massless fermions on the brane. This situation indicates that in order to single
out finite number of these localized fermion components we need some new mechanism, and the one possible way we
will consider in the next section.
To conclude this section let us consider the solution to Einstein’s equations without any sources (F0 (r) ≡ F (r) ≡ 0)
in the case Λ 6= 0, Λphys = 0. In this case the Einstein’s equations reduce to rφ
′′
φ
+ 3rφ
′2
φ2
+ φ
′
φ
= − rg2M4Λ , g =
δφ′
r
, δ = const. The solution to these equations is (in what follows we call it ”external solution” and introduce
4corresponding subscript ”ext”)
φext (z) =
1
a+ b ln z
, gext (z) =
δb
ε2
1
z2 [a+ b ln z]
2 , b =
δΛ
10M4
, (8)
where the a is some new positive parameter and the constants ε, δ and the radial coordinate z are the same as above.
This solution is nonsingular in the range e−
a
b < z < +∞ in the extra space. Its scale factors φext. and gext. are
monotonically decreasing functions in this range.
IV. THREE FERMION GENERATIONS ON THE BRANE
Now imagine the following realistic physical situation. Suppose in the extra space in the range 0 ≤ z ≤ z0 (in
what follows we name this area in the extra space by core) we have nonzero source functions F0 (z) and F (z) which
correspond to the solution (4) with decreasing scale factor φint., and out of the core, i.e. in the range z > z0 there
are no source functions, i.e. F0 (z) ≡ F (z) ≡ 0 if z > z0. At present we do not argue the origin of such matter
distribution in the 6D-space-time. Let us denote by φ and g the scale factors of solution to Einstein’s equations in
this special case. It is obvious that they can be constructed from the scale factors of solutions (4) and (8) in these
two regions in the following way: φ (z) =
[
φint (z) , 0 ≤ z ≤ z0,
φext (z) , z > z0,
; g (z) =
[
gint (z) , 0 ≤ z ≤ z0,
gext (z) , z > z0.
To avoid
singularities we impose on the scale factors and there first derivatives the continuity conditions at the boundary of the
core z = z0 : φint (z0) = φext (z0) ;φ
′
int (z0) = φ
′
ext (z0) ; gint (z0) = gext (z0) ; g
′
int (z0) = g
′
ext (z0) . So far there were the
following free parameters in the model: M,Λ, δ, d, ε, p, a, z0. Solving the continuity conditions we can fix the following
parameters a = 2−(x0−1) ln x04x0 λ (x0) , b =
δΛ
10M4 =
x0−1
4x0
pλ (x0) , d =
(x0−1)ex0
λ(x0)
, where we have denoted x0 = z
p
0 > 1
and λ (x) = (x− 1) ex + x+ 1. Now we have following free parameters in the model: M, δ, ε, p and z0 > 1.
Let turn our attention to the localization of the bulk spin-1/2 fermions on the brane described by our solution. In
this case equations for the components υl and ζl of the radial part ξl (z) of zero-mass wave-function have the same
form as in the previous section, and the solution reads
ξl (z) = φ
−2g−
1
4 z−
1
2
(
alz
l
blz
−l
)
=
 φ
−2
intg
− 1
4
int z
− 1
2
(
alz
l
blz
−l
)
, 0 ≤ z ≤ z0,
φ−2extg
− 1
4
ext z
− 1
2
(
alz
l
blz
−l
)
, z > z0,
(9)
with the following normalization requirement
1 = 2piε
√δdp z0∫
0
z
p
2
−1e−
zp
2
(
a2l z
2l + b2l z
−2l) dz +√δb +∞∫
z0
a2l z
2l + b2l z
−2l
z (a+ b ln z)
dz
 . (10)
Analysis of convergence of the last integral at the boundaries of the whole integration domain (i.e., at the points
z = 0 and z = +∞) shows that normalizable components of the zero-mass mode exist only in the following cases: I)
al 6= 0 , bl = 0 , − p/4 < l < 0 ; II) al = 0 , bl 6= 0 , 0 < l < p/4 . So the number of normalizable zero-mass modes
depends on the value of parameter p. Namely in the case 12 < p ≤ 16 we have exactly three normalizable zero-mass
solutions with l = ±1,±2,±3. In this case the effective wave-functions of this zero-mass modes in flat space are:
Ψ
(
xM
)
=

ψ (xµ)⊗ (δdpε2) 14 z p2−1e− zp4 ∑
0<l< p
4
(
a−lz−le−ilθ
blz
−leilθ
)
, 0 ≤ z ≤ z0,
ψ (xµ)⊗ (δbε2) 14 z−1 (a+ b ln z)−1 ∑
0<l< p
4
(
a−lz−le−ilθ
blz
−leilθ
)
, z > z0.
(11)
They are localized in the radial direction of the extra space at the following points rferm,l=1 =
ε (1− 6/p)1/p , rferm,l=2 = ε (1− 10/p)1/p , rferm,l=3 = ε (1− 14/p)1/p . It must be mentioned that if 12 < b < 14
the last formula does not work, but in this subcase directly from the wave function (11) we have rferm,l=3 = 0. For
the boundary of the core we have z0 > 1, so each of these three modes are sharply localized inside the core and
the wave-functions of these localized modes have the ”Gaussian shapes” in the extra space. These three components
of a higher dimensional fermion (stuck at different points on the brane in the extra space) can be identified with
different 4-dimensional fermion generations, and so we have purely gravitational mechanism explaining the origin of
three generations of the Standard Model fermions.
5V. NON-ZERO-MASS MODES
Now let us consider the case m 6= 0 for the physical situation described in the previous section. We have to
solve the equations (7) in two regions - inside the core and outside the core. We will seek the solution in the
form υl (z) = φ
−2g−
1
4 zl−
1
2A (z) , ζl (z) = φ
−2g−
1
4 z−l−
1
2B (z) , where φ = φint and g = gint if 0 ≤ z ≤ z0, and
φ = φext , g = gext if z > z0. From (7) for the functions A and B we get equations
d
dz
[
φ√
g
z2l dA
dz
]
−m2ε2
√
g
φ
z2lA =
0 , d
dz
[
φ√
g
z−2l dB
dz
]
−m2ε2
√
g
φ
z−2lB = 0 . We examine the solution A(z), the results for the B(z) are the same. Taking
into account (8) and normalization requirement for wavefunction at the radial infinity in the extra space, outside the
core the equation forAext and its nomalizable solution assume the following form: x
2A′′ext+
(
2l
p
+ 1
)
xA′ext−m
2δb
p2
Aext =
0 , Aext (x) = αx
− l+
√
l2+m2δb
p , where α is the integration constant and we have introduced new variable x = zp. Inside
the core the equation for Aint has the form
d
dx
[
σ (x) x
4l+p
2p
dAint
dx
]
− m
2δd
p
x
4l−p
2p
σ (x)
Aint = 0, where σ (x) =
[
1− d (1− e−x)] e x2 . (12)
At the origin of extra space on the solution we impose condition |Aint (0)| < +∞, and at the boundary of the core
x = x0 we require the following matching conditions: Aint (x0) = Aext (x0) , A
′
int (x0) = A
′
ext (x0). So in the core, 0 ≤
x ≤ x0, we have a Sturm-Liouville differential equation for Aint with the following boundary conditions: |Aint (0)| <
+∞ , A′int(x0)
A(x0)
= − l+
√
l2+m2δb
px0
. In the vicinity of the extra space origin for the asymptotic form of (12) and for its
normalizable solution we have: xA′′ +
(
2 l
p
+ 12
)
A′ − m2δd
p
A = 0 , Aint (x) = βx
− 4l−p
4p BesselJ (ν, ω
√
x) , where ν =
4l−p
2p , ω = 2
√
m2δd
p
and β is the integration constant. To make some interesting qualitative conclusions we consider
this solution as the correct solution on the entire core range and choose x0 sufficiently large to use the asymptotic
expression for the Bessel functions (BesselJ(ν, y)|y→+∞ ∼
√
2
piy
cos
(
y − νpi2 − pi4
)
) on the boundary of the core . Then
for the eigenvalue ∆ we have the following transcendental equation: tan
(
2∆− pil
p
)
= ∆−1
√
l2
p2
+ b
pdx0
∆2 , ∆ =√
m2δdx0
p
. This equation gives the discrete spectrum for ∆ = ∆1,∆2,∆3, ... , and for corresponding nonzero masses
we get: mn =
√
p
δdx0
∆n. Between zero and nonzero modes there is the gap depending on the value of parameter δ,
so choosing the appropriate value of δ the non-zero modes can be neglected at low energies. The same conclusions
can be done with respect to the exact solution of (12), although it is difficult to find the solutions explicitly.
VI. CONCLUSION
To conclude we summarize our main results. In this article in the case of (1+5)-space-time we have introduced new
brane-solutions with exponential scale factors sharply localizing the zero modes of all local fields (spin 0 scalar field,
spin 1/2 spinor field, spin 1 gauge field, spin
3/2 gravitino field, spin 2 gravitational field and totally antisymmetric
tensor fields) on the brane in the extra space. We have explicitly shown that these solutions localize infinite number
of 4D-fermions on the brane. To solve this problem we have introduced another specific brane-solution with realistic
source functions, i.e. the source functions F0 and F are nonzero inside the core 0 ≤ z ≤ z0 in the extra space, and
F0 ≡ F ≡ 0 outside the core. We also have explicitly shown that in this model there are cases when exactly three
4D-fermion generations can naturally arise only through gravity. As the zero modes of all other local bulk fields, these
three zero modes of bulk fermion are sharply peaked at different positions on the brane and have ”Gaussian shape”
wave-functions in the extra space. So there is possibility to provide a framework for understanding the fermion mass
hierarchy in terms of higher dimensional geography [29].
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